This is the first of three papers (the others by the first author alone) which determine all varieties of nilpotent groups of class (at most) four. The initial step is to reduce the problem to two cases: varieties whose free groups have no elements of order 2, and varieties whose free groups have no nontrivial elements of odd order. The varieties of the first kind form a distributive lattice with respect to order by inclusion (which is not a sublattice in the lattice of all group varieties). We give an embedding of this lattice in the direct product of six copies of the lattice which consist of 0 (as largest element) and the odd positive integers ordered by divisibility. The six integer parameters so associated with a variety directly match a (finite) defining set of laws for the variety. We also show that the varieties of the second kind do form a sublattice in the lattice of all varieties. That (nondistributive) sublattice will be treated, in a similarly conclusive manner, in the subsequent papers of this series.
Introduction
This is a report on the first and easy half of a project aimed at determining all varieties of nilpotent groups of class (at most) four. The initial step is to reduce the problem to two cases: varieties whose free groups have no nontrivial elements of odd order, dealt with in the first author's thesis [3] and in subsequent papers of this series, and varieties whose free groups have no elements of order 2, determined here. The main result is that the latter varieties form a distributive lattice (with respect to order by inclusion: this is not a sublattice of the lattice of all varieties of nilpotent groups of class at most 4) which may be given as follows. Let fi denote the set consisting of 0 and the odd positive integers partially ordered © Copyright Australian Mathematical Society 1983 59 There is also a parallel theory for torsionfree varieties of nilpotent groups (that is, varieties whose free groups are torsionfree), developed by Newman and the second author in 1968 but not published until recently [11] , [12] . We need the fact, which must have been widely known for quite some time though the only reference seems to be [12] , that there are precisely seven torsionfree varieties of nilpotent groups of class at most 4. Six of them are obvious to pick: in the notation of Hanna Neumann's book [13] , they are ©, 91, 9? 2 , 9? 3 , 2t 2 D 9? 4 , and 9? 4 itself. The seventh was called @ 3 but left without defining laws in [12] ; it was (also) identified there as the variety generated by the torsionfree groups of 5R ( 3 2) n 31 4 . Since then, it has come to our attention that the unpublished thesis [14] of Pentony contains a statement (pages 45-46, proof largely suppressed) to the effect that this variety is defined by the laws corresponding to our (0,0,0,0,1,0). Let 2ft, say, denote the variety defined by these laws. Clearly, 31 4 > 3ft s* 9? ( 3 2) n S ? 4 > @ 3 , so one can indeed conclude that 2TC = 9? ( 3 2) D 9? 4 = © 3 provided one knows that 2ft is torsionfree: but it is just this point which Pentony left without any hint of a proof. We show here (as 2.5) that the Gupta-Newman result (loc. cit.) quickly yields that the free groups of 2ft have no nontrivial elements of odd order; then (c/. Lemma 5.1 in the second paper of this series) Lemma 3.2 of [3] gives (via the appropriate version of the Magnus-Witt argument elaborated in Section 3 of [11] ) that these groups have no elements of order 2 either. This (confirms Pentony's claim and) establishes that 9? 3 2) n 91 4 is torsionfree and is defined by the laws corresponding to (0,0,0,0,1,0): a much more satisfactory identification of the seventh torsionfree subvariety of 9? 4 than those given in [12] . We are greatly indebted to Dr M. F. Newman for a continuing exchange of ideas, over many years, on the background to this work.
Sylow decomposition
It is well known that each subvariety of SSI 4 is defined by its 4-variable laws (see 34.15 and 34.34 in [13] ), and that therefore our task is equivalent to finding all fully invariant subgroups in the rank 4 free group F of 9? 4 . This is the setting we shall work in throughout the paper.
For each fully invariant subgroup U of F, write UQ/U for the set of elements of finite order in F/U, U 2 /U for the set of elements of 2-power order in F/U, and U r /U for the set of elements of odd order in F/U.
As F/U is finitely generated and nilpotent, UJU is a finite subgroup for each / in {0,2,2'}, and U t is obviously fully invariant in F. [4] Here (U D F),-< If-n F, is obvious; the converse inclusion holds because w G U l : D V t means that w m G U and w" G V for suitable integers m, «, and then w*" G U fi F. We also need
2.4.
Again, (f/F), < ( L^) , is obvious. To see the converse, note that UyjUV is a subgroup generated by elements of finite (or 2-power, or odd) orders in the nilpotent group F/UV, and hence consists of such elements. Now let A denote the lattice of all fully invariant subgroups of F, and put A, = {U E A\Ui = U}. Thus for instance A 2 consists of the 2-isolated fully invariant subgroups: that is, of the fully invariant U such that F/U has no elements of order 2. Each A, is partially ordered by inclusion, and is a lattice with respect to this partial order: by 2.2 and 2.3, the meet of U and F in A, is just U n F, while their join in A, is (f/F),. Thus A, is a sublattice of A if and only if (f/F), -UV for all U, Vin A,: we shall see in 2.6 that this is the case when / is 2' but not when / is 0 or 2.
Consider the following diagram of maps. subgroups is reduced to the separate studies of the 2-isolated fully invariant subgroups and the 2'-isolated fully invariant subgroups. The role a fully invariant subgroup U plays in the lattice A is not the only thing, perhaps not even the most important thing, we want to know about it. We are certainly interested, for instance, in finding a finite defining set for U (that is, a finite subset of which it is the fully invariant subgroup closure), for such a set (with the class 4 law adjoined) will give a finite basis for the laws of the corresponding variety. Our reduction gives U in terms of U 2 and U r , as U 2 D U r ; and, in general, there is no known procedure for obtaining a defining set for the intersection V n W of two fully invariant subgroups from defining sets of V and W. So it is relevant to observe that there is such a procedure when (V,W) G A 2 X A 2 ., V o = W o , provided we have upper estimates for the (odd) exponent of VQ/V and the (2-power) exponent of W Q /W. Namely, suppose that the subsets R and S define v and W, respectively, and that V 0 /VG^B n (with n odd) and W o /W G 23 2 *. Let U be the fully invariant subgroup closure of the set T defined by
As
2 and the assumptions on V, W), the indices of V and W in this subgroup are coprime, so
On the other hand, the elements of /? have 2-power orders modulo U, so V/U is generated by (endomorphic images of) elements of 2-power order in the finitely generated nilpotent group F/U, and therefore V/U has 2-power order. Similarly, W/U has odd order.
This proves that 7 1 defines K n W. Note that if R and 5 are finite, so is T. Our aim in the rest of the paper is therefore to determine the lattice A 2 of all 2-isolated fully invariant subgroups Fof F; to identify, for each V, its "isolator" V o ; to give a finite defining set for each V and an upper estimate for the exponent of V^V.
Before we embark on this task, there are two other points to settle: the claim made in the introduction concerning A o , and the assertion earlier in this section that of the A, only A 2 , is a sublattice of A. Six members of A o are well known: F itself, the commutator subgroup F\ the other nontrivial terms of the lower central series, namely yi 2 (F) which we rarely have to refer to, and 9 f J 3 (i r ) which we need frequently and denote by N to save writing too much; the second commutator subgroup F"\ and the trivial subgroup 1. Let {x, y, z, t) be a free generating set of F, and M the fully invariant subgroup defined by the (left-normed) commutator [y, x, x, y]\ we know from [12] This settles the first point. From this discussion, we also need (MF'% -(MF") 2 = N and (MF") 2 . = MF" towards the second point. As further preparation, we establish that MF" ¥= N. The (standard) wreath product of a group of order 2 by an elementary abelian group of order 8 is a well-known example: a 4-generator metabelian group which is nilpotent of class precisely 4, in which all 2-generator subgroups have class at most 3 (compare 34.54 of [13] ). Thus F does have homomorphisms onto this group, and the kernel of such a homomorphism must contain MF" but cannot contain N. We are now ready to prove the following. 
For U,VG A, we have (UV) i ¥= UV if and only if i ¥= 2' and either
U o = M, V o = F" or U o = F", V o = M.have U o = U 2 , V o -V 2 , so 2.4 yields (UV) 2 = (U 2 V 2 ) 2 = (U 0 V 0 ) 2 = (MF") 2 = N = (UV) 0 ; thus (UV) 0 /
Distributiviry
The aim of this section is to prove that A 2 is distributive. It is this fact, more than anything else, which makes the description of A 2 so much easier than the case of A 2 . dealt with in [3] .
Since PROOF. The first statement holds not only for F but for every nilpotent group of class less than p, and is familiar in the context of regular /^-groups. We shall only sketch a proof for the less familiar second claim. To this end we temporarily abandon F and work in an infinite rank free group G of 9t 4 , freely generated by The Hall-Petrescu Identities (III.9.4 in Huppert [8] ) readily yield that there is an element v 2 in %1 2 (G) for which
Induction on n rapidly establishes the existence of elements u n in G and v n in 31 2 (G) such that
As the subgroup of G generated by u\ and v n has class at most 2, a straightforward calculation within that subgroup then yields and this proves our claim.
One more piece of folklore before we can start in earnest: Up is an odd prime then there is no fully invariant subgroup of F strictly between F" and (F") p . This [81 is proved for p = 3 in the (unpublished part of the) thesis [5] of Harris (pages 73-74) by an argument which works equally well when/? > 3. Forp > 3 it can, of course, also be extracted from the classification of varieties of groups of exponent p and class less than p, in which context one relies on the fact that even the automorphism group of F acts irreducibly on F"/(F") P , as a quotient of GL (4, p) .
It follows then that if / is an odd integer and p is a prime divisor of / , there is no fully invariant subgroup of F strictly between (F")f /p and {F") f . We take this one step further.
/ / V G A 2 and 1 < V< F" then V = (F")
f for some odd positive integer/.
f is non trivial, it has an element of some odd prime order/;. As F" is free abelian, all elements of A similar argument will give us the following. PROOF. All we need to establish is that if p is an odd prime then there is no fully invariant subgroup of F strictly between N P F" and N. As F/N is torsionfree, 3.1 ensures that % p i(F) (1N<N P , so by the modular law
The natural homomorphism of F onto H would map a fully invariant subgroup V strictly between N P F" and N to a fully invariant subgroup of H strictly between 1 and ? J 3 ( / / ) . However, H is a free group of a variety of metabelian />-groups of class at most 4, with 31 3 (H) of exponent p, so one can read off Brisley's classification of such varieties (from [1] if p > 3, from [2] if p = 3) that no fully invariant subgroup of H can lie strictly between 1 and 91 3 (H) . This completes the proof.
We shall need much more detail from Brisley in the end, but this much will suffice in this section. Before we start on the proof of the distributivity of A 2 , we must recall a little more of the structure of N. Of course, N is free abelian on the basis consisting of the basic commutators of weight 4 (formed with respect to the ordered free generating set {x, y, z, t) of F, say); by Witt's Formula, there are 60 of these. Direct inspection shows that precisely 15 of them are not left-normed: those he in F". In fact they (freely) generate F": for, by a theorem of Magnus (36.32 in Neumann's [13] ), the cosets of the other 45 form a free abelian basis of N/F".
We are now ready to prove the distributivity of A 2 , along the lines of Section 2 of [11] . The reader is invited to check that the arguments described there can be adapted to prove that if U, V £ A 2 then the sublattice of A 2 generated by U, V, and N, is distributive: so A 2 is a subdirect product of its sublattices The first of these is also a sublattice of A (on account of 2.6), and so dual to a sublattice of the lattice of all varieties of nilpotent groups of class at most 3: hence it is distributive. It remains to prove the distributivity of the second lattice. 
Meetirreducibles
Since F is a finitely generated nilpotent group, it has no infinite properly ascending chains of subgroups. As in any distributive lattice with such a chain condition, each element of A 2 has a unique expression as an irredundant meet of meetirreducible elements; and, indeed, the lattice can be reconstructed from the poset of its meetirreducible elements. The aim of this section is to determine that poset for A 2 .
If V e A 2 and V o /V is not a />-group for any prime p, then V has a proper meet decomposition V= D V p with ^, / F t h e nontrivial Sylow/7-subgroups of V o /V. If F 0 /Khas exponent/?* (> 1) for some (odd) prime/? then one sees from 3.1 that % p i, + i(F) n V o < % p i,(V 0 ) < V and so the modular law gives a meet [10] decomposition V -V o (1 %5 p t+>(F)V which is proper unless %5 p k+>(F)V -V or, equivalently, V Q = F. Thus the meetirreducibles of A 2 outside A o all have prime-power index in F. Those which contain F" correspond to joinirreducible varieties of metabelian /^-groups of class at most 4, and hence are known from Brisley's work (see especially the summing up in the first paragraph of page 61 of [2] , from which it is an elementary exercise to identify them).
Thus we have narrowed down the real task of this section to the consideration of meetirreducibles V of prime-power index in We shall use modularity (Dedekind's Law) so frequently that we must do so without reference. Occasionally we appeal to the distributivity of A 2 , without formally writing joins in A 2 : in those cases the relevant joins are simply products, because 2.6 applies favourably.
Let us start with the proof of 4.2. As F/F' is torsionfree, 3.1 yields that
pk n F" = (F") p \ Using also the distributivity of A 2 , we can then argue that
Next we prove 4.3, but this takes much longer; for the duration of this proof, write simply B for B{p k ) where/?* is defined by V n F" = (F") p \ The distributivity of A 2 , together with 4.2, gives that and yS -1. Note that a and S agree on TV: for a basic commutator of weight four is mapped to 1 or left fixed by a depending only on whether y does or does not occur among its entries, and the same is true for S. We have that (USXH'S) = 1,
On the other hand, and F " form a chain, so we must be able to choosey so that
The first step of the proof is to note that by its definition <p is a poset-homomorphism, and that \p is even a meet-homomorphism (as the order of an element of Fmodulo U C\ Vis the least common multiple of its orders modulo U and V).
The second step is to check that B 6 <p C A 2 ; that is, that if (a, b, c, d , e, /)<p = U then U 2 = U. This is done case by case, according to which is the first (if any) nonzero entry in (a, b, c, d, e, / ) ; and conclude that the inequality displayed above is in fact an equality. It is then immediate that V\j/ E A and V-tyy = V. The fifth step is left to the reader: determine all the meetirreducibles in A, and verify that the set they form is precisely T\p.
The proof of the main result can now be completed quickly. Since Tip generates A as a meet-semilattice and ^ is a meet-homomorphism, A 2 >/ / = A. Since <p and *p are poset-homomorphisms and yp<p is the identity map on F, their restrictions to Tip and F are poset-isomorphisms. If we can establish that ipq> is the identity map, the same argument will now give that ip and the restriction of <p to A are poset-isomorphisms, and it is well known that all poset-isomorphisms of lattices are lattice-isomorphisms. For the final step, suppose that Uxpcp ¥= U for some U in A 2 : all we have to do is to show that this leads to a contradiction. Write Uxj/q) = D,. K(i) and Un W{j) with the V(i) pairwise incomparable elements of F, and the W(j) also pairwise incomparable elements of F. As Uipy ¥= U, the set of the V(i) is not the set of the W(j). Since \p acts as poset-isomorphism from F to the set of meetirreducibles in A, the V(i)$ form a set of pairwise incomparable meetirreducible elements in A, and the W(j)\p form a different set of pairwise incomparable meetirreducible elements. Yet, because \p is a meet-homomorphism and
U*= Pi
This contradicts the uniqueness of expressions as meets of pairwise incomparable meetirreducibles in A (which obviously satisfies the ascending chain condition), and so completes the proof.
